- / /
T PR Lecthoe 1B

oRio SRy Mos: TTL/Th 7010 -8:40pm @E2154
G ﬁv _
vem valees : = g gy o) NS (Y\\-"\ Z
Les A be the ser oF @iats (X,u., X5) S=ch Thay
37‘ = L‘\ Vx‘ ‘,_.K—-\) TN_’\ +)‘—k \‘O\H){' Pr‘h‘@' ’Q ‘Q——- L‘f) ¢S 3»:\/&\
Yor To(Xyx) ) P € 7 () Z Qﬁ )

(X ,-.)LA

Cese s Co«d\'h'vouj (rm= \>

Novs XX corinaans POmY ISk ot
jonE POF CR(K)
Y= Lex)

T

Cnivengle (_r-emj

foe eacn Al oy JeRre A7:{X: H(XB"U}

e POF L T o Qj(g): /0

“x
Ex: (X, . % \ JOINY Confneays POF £y o Ox, %
YR

)

v =< X. +a, X,,""b RN 5, ¥ — 7 )

' - Qo
_ F A5ey= Z-breads
L\/\M\ PD 3 7 /"QXX_ < z c,\q xz \"X’L) é_—xz

A



Sk SRl case
Loy 5""’pl<’.5\”+lw\'—j UG-/ Ceny, D LA Tvo o i -
VS s cdd e

(hs 3 Qo dmporien ) in 6*51#?3‘?5 thee Flesc ol

V"\wn7=‘
b8
N e Ok ahae Azl (C,‘q.l,‘o) = (1,1, 0\ qu,

|l \\".)

(

T =% 4%
0 +X2

sk L T ;

- ¥ of ARG called +le covoloy,, | 4l sty o€

X cnd X C ' |

{

So
(9)= — =
‘Qﬁ "7) -JQX‘CY Z\QXZ(Z) C}'Z l’)-a e C\l:o\,-c s}

A ot Conplicated exanple (THT2 #4)
e Lo :
\ ~ D‘: F:-Z § PD\: QX L I‘:,t y h\ (COH‘N"\"‘Q-’S\

L2 LX) Y S (X

L)
L Tttt |

X))

(es< Crc Zxemples of +he orthe. syalNshes ok (Y' ’""g")

‘f (+) _.(3(\7 L—\-) € oigesy o< & less Yo o~ egalde ¥
= pice
= PR ex, X, eh X2

2 e(x 4. PR, e4)

I\O[F C"r)J



- o
=S 4 hag POF | (+ [i—

Lﬂ)

N “[F"zu}]"ﬂ%&_)

:;\""\\\G/l—)

s .
Yl"(ﬂ"): ‘P(ym cx)=1=-P(F,>4)

\.‘;e’"e"ql"bhc] +he Clie dr%—mm':»’e 4 1-1 ~CSul

-/
MO hvanaic Pt mgomm atong

iy K m ComNacows JonY BT Luivh joint PDF -th\

Spose Yher tree s q sibser S (swppo-r 0F
\-Z. by X,‘B \Mt.sw Q—zw QG [Qng‘m\

CLE, ... T e 5721



-

r
(mo}e $Gr~e G5 #5¢ X3y

A‘Sﬁ_)m +-\¢-,¢,\— +L( LY ‘Q_,w-g’hovws 1’\, Yooy )‘\,., CkQ’\C (=4 /l—/,
DikLereNable Donslormaton o€ S ot S0t sUbset
T ofF MR7

T
"""“ﬁe of by ns

Vveree Dtnslomnn: X =W (9, )

-

W =0 S8y 2L S0y

Lo€ e Genealr Y Y
}3 5 e .
c _ :
2 ¢ = 5@2&*‘ )] [ S-76 |
V) Qe o
] @ o s
= el<e
So ﬂ’cﬂ’ -2 Ca~n 34_{ TL(

J‘On—\a— POF £ «,'\,).
I} sty 2
7 (P=

& Iy -

fz [h, (‘7),~-,k h'(z)] 151 & (77 )e T

O -
else

I Y N SR el CSQ;'e/M\V\c\/)“\’ bp e e

Sk, (e hean ~AL qenecl Y

—_— oo wn —a

3%, k )

: - | 14 ahsie valoe
dh,"
—_ X ’ : .
I, j © Jecoe of e hco s formedimn,

~~



j ccts Wl ¢ %%M?(Qp‘ﬁo’ﬂ D@ +hre deAvaNLe oﬂg
e iweege Tre Calie resolY

I

o (X

2

=< (X %)=
X - -
\xi 7‘) 17)(‘)(2 '@)v O(X\L\ a~t C’("X-L'L,\
®)
1 1

A4

else
CL“(QL(': N )
//41><,x2 o\xl d‘z
o O

- /7' 7
~J L4><7_(/ X, dK‘) dK?
° (o]

1
o ~O
\
X
N
g S
Ve
~
o ——
s
L5
X
~N

(et Lo THT 2 #Q_>

e
Are X, o~d X .\«-\%W@,\\— ased O~ RS »
Yes pre s_ppors set @ e HiVERI TENBET LEE e
es Ao (Avee Gny en¥Englement etee~ X, x5

Yoo ¢S el W/S""Clm Ly, %y = 2k Dxo



LeFS bk ok P gk POF of

-

(¥, ,%7) o
. X%

8y Ky o

X
1)

BRSNS

1.
\( - -\ '
2= 5, (‘1.,\77)?/\)’71

quﬁC Fors &‘5 (0<% ¢ )

ba o ? i:[ x

o . Ny

leot X\ L'( > QC\) u\7l 7? 7 (@]
X

7 Lo
170‘ K?L\ @1JV&¥CA¥ N *3\70\ )

O¢§40

\Vzéo

_317‘0

. - |
R R A
x2 ' 7270 — %



Y, 7w
Alss leads o (7,70)
(d) [
|
7,
5”’\35 324‘7:

W (g, ) T m

. \’\2_‘1(\‘71 \7’2—) B j}
S 7,

SO Q -—l__ _L ‘72
dy, v T 2UT
- =hto) 2
C)\72 | 2 7’2
CJ =\ Vi
\L\ -:‘._l 7 2
S 3 ()



d i
== %2 :._l 1/’—(\-\
&7? 2 7. Ve

Lo AMcse pa-¥als :):;_,bg\\d & raAx

>3 Tz ey .I(Y.L n 1/ y’7—7
2 ;:) ‘2( 72) i
—l(iz.>\'2 L/ 3 \" : 2y,
_ 4 Y,"’ 2 {\7‘7‘2
('-tcc\n &x,[

S el s 5(

A &\{,7.\5’) l_j—): e dE__
2

'Z"D ‘Q\fn‘sk '\41 Cc‘lo\;\qj\‘oh\ — '\~L{ PO‘: b(" ?

£, (x)= N
XX Ix, %, (0x ¢l auy ocxch}

O else
S iamvie X =SV e - XgT 712

| S | ‘9/\'\63 e :Tc:c/ob\’cy\:
Qg C:\)) ':-CZ LL’. “'(Z)’ L‘zq(,?)] l Tl
RIC Ry O EITR

= b
Q ;‘7; (<3~/ (7\ |\72) G—T
O else

~



\J%CJ\ Mk Skavy e &X \32> il ot &‘53‘_"

ﬁ-»ppos( ‘jw c SAareuted sal\.‘ (~ Tie W5 o€

Z =, (X LX), Then ore boty fo compte ThiS
C)* VS o +~)~¢, '€Olo___, N ’3 hi\‘Q‘O).

s

2xe T Bnd omotte v 9 2 & X X)) swch her
‘&\/c\.,; sy &

e & <X g, *’7? ? N
Be,evebe |

C} cble 4\/\%«5{ M,,S(_Q/M,}\o’\ ad Ak

ERICHEREE aap Shemghr fonany.

“Slep 2t homds SA- H—c\)’o-vﬂ' NUZaNE &3 172)

vlep’)’ l..,{.c\,),_q&f :’[ sk of +he o.nifcjfghw_\
gt& MC.»S /ﬁC(f‘2¢ o\vE. Y \> {s ea_c*, “"LC g n~g1

C}‘ls'} a&

& 3‘(1"\32’\4\:%’ L;qudv:/}'M/Lc Z =o

Ne—e Z, /s lu‘decz/:) Iependentr 5 7, w0 the rank oF
e (2x2) Tocoora matx 3 izl ff Fe i
&m\ncn’r ) threrefoe 2Zero,

quhe./ eJ(C-r\-\pQ ﬂc.lude& x“ 2) have JOM;]" (COA‘hﬁ\,Q_,J‘)

CF (3., X
e ( 1 X2) = ?(7’%"2 r\”otx\u‘&sc><’<z_<l
O else




Q - Ba] ol &F X, —
e oond Hha ) | 7,> (: X, .X\Z)
b
N

—+he W5C”f"'\¢¢ POF Zoag

Q (7 by ¢ )" D 12 .Q> ( =
bl - v \7\ T €

= b 2 E 5 5T

O elsc

w = 36\7-\.\71)5‘7\70 v72 R it (\71, '%)}

&’an&{ UOV L_,e‘__( Mj r—Q"\"’J .'q'i-e,.——gsjed L _‘\)\(
MC/Q\'ﬂql disy of Z,= X, s e g g have to b
. _ =,

D u/ﬂ-e@/c:}-e :.72 va’foc'H-gJ\a.h‘\— s

Tow 9, >0, tht albrasbl regun
CQV T2 VS in _h/\-‘o (3“"]1.‘

Qe OLy 44

3 OLV’ZL\]\ ‘/“d&/
\7‘7“0477—L\~

7 ]
So@-(v,);g !
X , /2/%)&7—2:‘7' e oy, ¢ |

v\
( O/Q/Z‘z_ ) S PIEI AL IE (R

QY 2\ loei—d POFE: ot df&’zr-c,ﬁ'i\'cbg
G5 A=A |




\)>e(\1‘ CQ/»eiuencc of P O Sﬁ’QV‘j

X = L/z.‘ Ny Xﬂ) ConPrnus Luhh JO“/‘:T PDF

_Y = (7 '..,?ﬁ> 'S g linear M’)S&/»"'\m_\ Q‘C

X:7"-AX

(

T
K(-}-vcn}p:j{) ‘-n‘\c,< A =N Aﬂ\/C/\’f‘-b’.c

(QQ |- vrnte) abaX

Then +he POF & T 15 £_(2)-= £ (A 2T

1

~~ \

| det A
Ex: T =X .
—_— _ | —_2 A _ \ 5 ) . .
Z,= X'_Xz 2 2 {( __\> '[C d]

ée,v/*:“d“‘bc:—l | det Al =22

AT _\[_( NN
Rl 457 \]- TZA
R ey

LR

(>N

\\
ed -ke¢



E}\ped‘f-*\‘h/ Veanone | C,Q\/&'{Gnql Co mele o~

Ex: (=S cwoease
Le o led o fy e Userek sy of- e v
? =1 k # Sk TS yoabies (~ @qm,\j of S’\ bt PS-ATY Ca )

Loe shored ¥bax ()~ [Diacmisl (», ) wia ~=§
=)
i } (7 =) 5

o [ (3N @) =0.2373 p('sw:?(g)p’(:—ef"?

(P HAEY = 0.2588

fo- 7=0,),...m

)

2 | ($)RH2Y = o.2637 o

b (g)(é'-)3(%)2:°‘0?7§' Q' Avesr Yo e

L} ('f)(ﬁ)"(—(-?)‘ = 0.0V46 7_-5 b%b\'cj S) A )\"’LCX

5 (SSJ(T-:L)S/-E;)O: o O:)i PEt~Ts expect o ore?
9. 02 CCente ol sk “€7 )?

A1'. Mosy ’t'l’&'j M Caemets T =5 BGBD
(mode of the disy (7)) :

Az’ (Phesics o) Lol oA+, cente oF ~ass of +e
5P Ao

(bG]Cn(Q (go.'z\i-\

O—M\ﬁsr

<



KA e (o)qoe C e Hg h.’sjoswcw-« balgmees:
L Ihere (P 5o W QBres exerted ‘03 B - lm'S')ijcm
bevs T 4 lefr of ) €5 .ugls (the S—m oF R es Fo +4¢

w:il"\'\‘) :

T~ ‘7,.,.— ¢

L\Jc\n‘\- 5%:_0

At redian o8 fhe disy o T (he #hars Sls 1)
_ o = ~Re S%Ps(

—rug, =0 HC—’}: 2. "7 TE e, o€+,
s"ﬁo‘c dckje‘}_,

S
2
= =\
v

l i)

o [
(4 N[Z:( I
q
'9:

(Here cacn nelee 2T SCE e o.~.|:] once °

(7= =0 =(Z ‘7;)—nc =0
2y

f\/l)

\)

o

\

(e s,

(M)

n

lp e valees Qe r—ore P@bqb‘( e ©7 ~T, e
awal[za#o—\ of (-}\-‘) 1..&"31—,-}- on each vahee AoUh be
+o szk'{" each v l’j s (Orqug.'la-j Pl sy

Det: ' v
iLder: /N ovis bowundled € gl ol R Y ()assx‘o‘e valies are Fante

ek '
2 (eF T b | “J:Dv'—\decg cdiscrehe v 2ntR pmﬁ-
QE (‘33 = P(Z =9). The recr o expectedd valie o

expectato~ of T s €(Z> = S BT e=5
all, L \7)‘_—1“27 \7#5(\7)

125 ex: e¢g )=o) 23 73) + (V) (BFSS) 4., 4 (5)(-9910) =1. 2500000,

4\6&)\‘(,('3\.)5 l:} o) ¥



50""\@'\‘(—5“3 l"@ ZN T):)‘l"'or\'n’q\ (n‘p) +)‘Cf“ E(E) -

7% \7((9)(" (l=-p)"77

) 2_ () i)

=\

~)

7 ——
7 \7’(”—\7)} F (’_fo) 7

M5

\’:

== r\(h—-\\’ g -1 ~—7
= 2, o ad ladsid | SEE TN O
v=z| )7(\7 l)’(’*—l-(\-? 1))) £ P)

t

ZA ——‘(n-')\' . 2 el = (1)
€< Tprm—y P {i-r)

“’“PZ (’\_ )F Cl-—p)’\—h =

= /ﬂp & ( ’5' \) P C]_P)h-l - (s\lbs:h‘}\ﬂ'f l'—:"]"‘()
/=0
Prioio (n—-lf yaisg, T8 bechuse binomg
LA Poeiihes add o to ]

&3 ;Q -zr\.’(’}(mqu\(m“o> &\/ ("‘1 ‘>I)‘ E(?):/‘\P
M)@v-\ = l/ 3\"\0%"};2:}{ (,‘ P):BGVM)ICP)
Lo Thys case E(Z)= ©.P(Z =)+ |- P(Z =)

=0. (I-P).(. l-p =P
=P it A=)



fo- all
=5 ~all ~2Z) C,,,}C,Se,\ Bl CRAZRN|

~ (B ~omial Cr.p) =2 E(ZLHY=~p
<> C\ ("’b (p- b,) C/ 9)— =128 &/

J

& C}"V"CR_X_ Y Wwbow,.}ed +re e XPeitaho— (,L
X 6 AeF @iy e becaue

2. x& (x) -co[a'u/

X = g°x£ (x}—-rc’n)

O e Iishabio~ oA e vmuds Ess €A 2o

D8 X disceke v ot el £ (X)
Conside. >~ : "
XLLOXCXCK) &~ ,(zzo"‘cf"‘)

& ot Sumss cie nRate, ECX) S ndefimed (0—
does ~o¥F exis¥) € akr leasy g sum— s Qe Pe

Ex) =L %k (X) exisis (it ey S| be MmRniie)

all X

—l\ (=) fy(? () &

ca/-*hwus —

To weak 6 (Womele v those nwean JORS~H exrsy, 7>
Vrave \-cp\ﬁj & Caref 5¢;m¢ bewse 2 @ (x) Hes o be

[N
PRI ook 5y () e e b
"’%—"!‘R SO %
1
5\3 —\-)'\Q ha’f"‘On\‘(_ 56"4(} ('%‘f—é-o-%_’”.\jc"%-‘ 7 L\)‘j L
S S

LKoo Fo Tt Grrcieat 6"&1&1, becen s T tBvd LI

e >RSong oQ < va'b/.:—\-s‘—-»é S‘\V‘"5 are .5_. .)S\ 3(—)‘")‘@
£ 36 memdgy Loavdegis, o T s



/—)"‘Q'Q‘CC%‘%—\’)C,—\/ Z __L =+co (/e Yhe bharmonic 2%
W Hiveges)

L6 ‘G‘“Q( IO~ 1, Fle 1BOOg 6.0 e e Er\esgphe.
MV Re Oesre (s —')'g&zj

'3 Clege ‘@om .Hm_j d\vc./é&:ce ey oo o A Create a
rv X Loxyh om0 P(X = ; LX), 2,-.., BRGAse the
Probeb 1es tao i 3o TO oo

&
PDQ)( ?CX:K): % et P(X3x> :><(x—i-f) —h’::j./z‘/kao

: !
Gaa 2 3 _,,i Gad Ve ™Mo Ve e ),
X=) 74(5(-1'\.)

T ool WSS Fhrs o Conshoct o p“a’)“")'%i‘ca’]
AMs ede VI boNons T Shoso Shal <o 9° mj
o P T RS Q‘Q 2x pectahon.

\
Ex\) QX(X):g TR X‘-‘I,z,...‘ﬁ

else

£ = P o 2o E(X) existy
(X) KZ';X XX+ = XZ_._\ e
WIS Sosy ioRaite
1
£ = e — =E3
E’X_ij ’GXLX> = Q)X](IXI"H) 5( ,7:2,

o else

loe c.\r—ccd,.s iy T0T 2 'C (x) =) so X is ¢
all %

L&\I-de%«gg) VL e Z AN T o
X2~ Q"”\\\X\—r-.) -



o
C‘nd 5 X
)(Z’:“ QX\X‘N)

- Co S5O EL X) cdoes -€>(g'~5:;4

L\)& MA\-\’ PV Y TS FQMOSl'CC;\ v f\—QSﬂU,

Exaoechﬂv:h Lo Corhn ous

De ‘Q'.' X LDDvﬂcSQd C,om’{ﬁ'/whfogj v L F PDF
— e . o
—C

ExX! X ~ Spomansial () (A>0)
. .
el Qzﬁ\)zg & KQ"*/ X 29

- elS(

—_—

- S |
S5 L‘—(\L):/‘ R énkﬁ"ck 1,_3 ety
K )(Xe Jdx =

orHag 450 mc»,l@pe.@(ok PSrSnnederzo by
R ontatig| s b b o, O}'f%er-eﬁ'\"l'\\—)

A emmahve el Z‘”%W\(,’i)@t 70)

‘%CZ(X):g%Q'%‘ X>o

o else

Lot Hag ()erwmlia*ln\ UD\/ S Sec Hha t E_CX) = ’%
(ecsie +o (nte—pret)

|2 Corrbinioly 1Lv XS koo a b of St I
Om(—& C.ﬁCl‘-ﬂ "Qs/\/fp—cd '(No (k-@,-\e E(y)



Q@\Q! Z Corhinwoos v ety PDF Qz(‘?)
Considde a i N
i (v -
[Py s S [y b cndy

12 oot -\n-}fﬁafq]) S fn{l'm-}g E(Z) % wckafd
(o Uoes nat exi'st)

J = st lees ¥ ore oF ese ‘Hle el vs ‘Q”‘}f
&)= [, * '

2 :@z(y} Iy exists (b 4 mc:) SHI| lou‘q@mk)

Ext A DY 4bar doks cdse i prachaal simhsNeg)
C("O]l'cx:.ﬁoﬂS IS the Cc.vcl—.\7 ds P A,

QSZ (‘73 = —\\ (~eo x_cho) ‘o e ate~de— Ca~<_,1,.7 dlrsj.:

TT(. I-r\.,’))
Covin,
“—‘A\-Etuwve
co
[T does Inteqaie o 1 kzuvf T‘_CZ%)J\; = oo
o)

o
o d )
fﬁ([—f—\fb) d'y*:—'oo‘ 59 EC"’) des ~t CX\'S]L"
0o

becase 5 teils 50 +~ O Q/(M"'CL:} slaz_.t)\_]

Cs
(g 13 beca~se lec.je >, :}:.L:-—\/\j q/\d/)\—}c}?:-roo
<

(—N (19’7%"""0\;5 C"‘"‘“GVC >k

P
+Lle Maraot sc,.n‘C)) mnj Q7O)

Enpected™ sk Racron oo oo
Z 3 PBAvows HV YR POF -Cg("'l ng(X\




Methadl /]
o ou‘\’ FOF Q—<\,\ e ECT) fv (~) Iy,
R
.‘1@-@3 (Kaste)- i€ rh <x;5h/\
el <
=) Rfl‘cx)‘%i\(x) dx

%‘-ﬁ}{ Ve s \Qnt

C[H(A)J ZHX)Q (K)

d‘écv-ci-e sl X

Ext Rv expomema)l (N (N79)

EE®)=+ €)= x1%e ox - 2
7 =X? | ’ .'nj;@w;k o AT e
foodice Thet
E(KL) ¢[E(X)Jz
TG

T e ooy Rmchons Z=b(X) e, E[L(K)])= uLECE)]

e |\near: W{x)=c+5X

Prope—tes ok E(2)

) 1€ Z =aX+b themn E(Z)=5EX)+b.
(aﬁss.JM\‘/jj E(Z) €KI‘S\'S)

;2.) I’Q bt il -C}ﬂd o oows‘\‘qn‘\"c: PN TN P(X 26,‘) = +L~c,._\
(ha-)\/vq)l-:) meuj"\j E(X')Z“; F@ b existT PRSI
AL eb)=\ Ahem E(R)ILL



[13 E[{f (cl-z_.J,L:,)] = (ic, E(Z)>+g @/411 ComShmntr
=1 1| ‘

(C. ] ’."\q—‘-) Cl"&& L)

g@: A Lo 3 [R7> 1R (1S rmemng +L~ck5<§)=2)

IS Comvex o -&/Cvﬁwn LA

7\ 2&&)/&8

X, e X0)
oS @ X end v alaxy (- ey
VOVD ~ 2 j[ ,\_‘f( Of)Z:]é d‘ﬁ(l‘)’*“—d)j(‘r)

3(x)=X2

oo~ shepe
'\/P

: ] 1%\ =9¢x)

éfcphru:,\ vesio o€ s ek Gl g P:D{A‘TS S
-G‘\ML"“Q’\ < C}Dﬂﬂég-{— +k(/\ LV a ]"’\e Se L U -‘..)\
j ;

emc o /s Comiy, £ Hre line sc5ent 17€5 emhiel

Loy ;
Qo e thre Choo, CX<eox _ x tle endypoi~|y

/Uu&):lo)()() bOLu\-S"\c,oqk

b o

A B EE AT 'Qj”dxgﬂpd)jj Z Aga)—+, 4)q(y)

Dek: Tre enpectation S 8 R et X-(x
T B(XHE [(e¢ E T, B X))
: L - D S

v X0)



S) G)i LCvex, X vandor vector 2a¥h Bante

BN < B -
b —Ce : Aegwah
g > EL5(2)) ¢ 9lecxy) 22

A“?(oh\(‘:% D@ 3)
e ¥oar X

X o \Be/f)o\,(,&l'(p)
Then E(X ) =

O'Cl—()‘)-{- 1.((3)__ =
ik
AR =) A(xX=1)

™ &I X,

” n B ~omg | (~, P\
Peaesal Gy



