
5/14 / 19 Lecture13

New office hars: T / T 7:10- 8:40pm 282194

Givenvalves Y=(4,...Yn) of (F...Im) -I
Leta be the set of points (X,...,Tn) such that
S7 = 2,(X...,*n)? Then thejoint praf of fz(7)isgiven
TimEhm(x,..*n), by fz(I)= { fg (*)
. (X,s..,X_DEA
case 2: Continuous (m =1)
in rus 8 . ..In continuasjant distanith
jant PDF ff(x)

Y = n (8 )
inivariatecrear)

For each really define Ay = {x : 2 (x)= y } :
Then PDF of I is fargla fifts (x) dx
eachr

 NĄ It)at :

Ex :(8,;&2) joint canthicos PDF f8,8,(*.,*2)
g = a,J , + azIz tb with 9,70 JYcontinuous .
with PDF fg y)=5 fas ( = bogatew.ta) dan



Important special case:
the simplest thing you can do with two or more
rus is to add them

Thisis also important in statistics, where thesample
mean 8 == ? Bi plays.a key role .
In the result above, take (6 , 22 ,5) = (1,1,0) to get
I = 5 ,+ 52

Dist of I is called the convolution of the chists. of
5 , and I
fq(n)=[ {8,(4-21{{_(2) dz .bythe above result,
co

A more complicated example . . (THT2* 4).

X ;MOC DF FG, PDF fg (i=1,.,m)(continas).
I Emin ( 8,..., &n) . In Emax ( X,,., P.).
Is defined tobe

These are examples of the order statistics of ( 8,,.,I.)

Fq (t) = P(In, 5 + ) 5biggest oneis lessthan or equaltot

* P( X,5+ , 82 st,.... Bn5+)
"BP(X, 4+)... P( 8, 5+) .
[Es(+)]"



Do I ny has PDF ego,CA -A LF8 +)? ".

Similarly

F3 ,(+)=P(5 , 5+)=1- P(7,3+).
I iff
= 1 - P ( 8,>t ,,,... 8 ,> + ) .

"P1- PCX,3+)...P( Xust).
1- [I- Egsaya
So Yon has PDF

fa , (+)=LAFA ,CA) = n [!- Eg(+)]" fect)

Generalizing the earlier clafferentiable and 1- 1 result

Multivariate transformations
X ..., & n continuous joint list with joint PDF fg (7)

Suppose that there is a subset s (support of

18.,... 8.) under fp ) of IR " with

P[ Z ,...,En EsJ= 1 .



Define new rus: 9,= 2 ( 8 ,..... In). . .

I =2n(8,... 8.) |

(note sameas# of Pol.

Assume that thenfunctions 2,...;hn define a 1-1
differentiable transformation of Santo some subset

T of IRD . . . . . . . . . . . . . . . . .

image of his han

Inverse transform : x =b ;'(7.2mm):

: Kr= h,"(7,,..,...)

we're generalizing this:
fq(y)= { f822- (y)] [ 2264 ] Br gey cß
o . else
so that he can get the joint PDF fg (2):
fq (g)= { fz [h,"(4),..,bin (2)] isi fr (4,..;Yn)E.T
Blume else.
in which J is the determinant of the matrix
lan,
| dm . dh ichannegeneralization),
10.1 is absonte valve .

J :Jacobicn of thetransformation
from I to Z
dy,



| 

J actslikea generalization of the derivative of

the inverse in the earlier resuit

- OLX.21 and OLXZl
else
o
Ex :( 8 ,,Iz)joint (continuous) PDF
FR8, X,*2)={4xX2 for 068,41 and 04x244

Check 4,xzda,die

(fx,ds.) ska
MX

una

= 2812no

 r

 .

iuseful for THT2 # 2 )|

Are X, and xz independent based on intubon ?

Yes, the support set for the bivariate random variable

bes not income my entanglement between t, andto

You cald also marginalize 4x,xz to 2xp.2x2 .



Let's work at the saint PDF of
(I., I2 E (85 )
y = h, (X , 42 ). Se
. . .*2 . .
Yz= hz CX, *2)= X ,X2xo .

Inverse transform : : .
Solve ca
ç 2 = .4 ) , 6 (x, x2) :
( X , X2 = 42

Xi= b ; ( 4,172) = 57.42
xzz22"( 4 , 12) = de
Image : How does ( 04 *,C1, okx2i)
transform ? 2

 13, 72
Ştso X,ci? soca).55,42 30
(xz> 0, X2<l , equivalent to/ :9,30) or,
17230 ) (

but y = A 'so so it must.be / Y,>
Xo no



(b ) wy, Y24

says 72 < *

Alsoleadsto(130) Me
Also le 1270

saysyq<y1

h;"(3,42)= 59, 42
he (4.42)-Ja172

itx ,T . . .

14

sode la se
dantak

a hals-2/33)?
IN



7 , 72

with those partials youbuild a matrix

So Teat/323 28571
! -$ (42) Žlated

(recall det[ab]=ad -bc)
and since (4,70) JE

To finish the calculation in the PDF of }
fg (x)= { 4x,72 (02x,41 an 04x241)}
10 else

bstitute = vYy2 .
Substitute7;=57.72 x2= JZ

and bring in the Jacobian:

fycy)=fq[h."(2),hq (y)]151

: = 4687172)( 3 )
ESP for (7,172) * T?



usefu tarck : Start with (X . , Zz ) joint dist.i.

suppose youre interested only in the chist of
3,52 ,(8 ,, 8 ). Then one way to compute this
dist. is with the following 3 steps.

Step 1: And another rv 7 , 2h, ( 8 , Z _) such that
the transform (3 ., & z ) 39. I ) is 1 to 1 zeitha
differentiable inverse transformation and the
calculations are traight forward .

Step 2 : hock out the joint cost of (F. I 2)

Step 3:Integrate In out of thejoint chastonton
Lie, marginalize over I ) to get the margmal
chsti of I

Ex of a Is that matchit choki. I,=28,
Collapses from 2 dimensions toones I2= 35 , =35,
You need thevectors that are orthogonal to each othe

Here Iz is linearly dependent on I , so the rank of
the. (2x2 ) Jacobian matrix is only 1 and its
cominant is therefore zero..

Earlier example includes: X ;; Zz) havejoint (continas).
| PDF FF,8, (*,, X2)= 5 4x,xz for 0{x,ci and 02x251
lo else



we found that wl (7 .72 ) =/ 8 ,

the transformed PDF was
fg,I,(7,12)={ 2 12 for 14,172)ET

lo else

Where T={ (.7._Y2):4, 70172 2 min (3 ,5 )}

Suppose you were only really interested in the

marginal dist of 7,= 2 ; then all you have toco

is integrate F2 out of thejoint dist.

Ilzzz4 , 7224, For y ,so ,the allowable regnen
for Yz is in two parts:
for Oly ,21; 024244 , and for
so

TAY
,

 4 ,31 , 02724€ .
so fq.m.)=)$ 2(22)5254, for 644,41
72,

A ) dyz = 4,3 for visie

(7.)

. . weird PDF: not differentiable

.at ,= 1



Usefu . Consequence of Jacobian.Story ,

X = ( X ,..... Xn) continuous with joint PD
inn

7 = ( 3 ,..... In) is a linear transformation of

DI A & Erenspose) where A is an oversible
is an invertible
sere A
Ann
(RM -rank) matrix

Then the PDFof I is fr CZ )= fglA I.)
I det al

Ex : I,= X ,+ B2
Iz= 8,-3, 22 = (!!...). [957

det A= ad-bc= -2 . Idet al= 2

A = & = 1) - 30

recall that
+ =[23 ] = * [ 2]
GJ -bc



Expectation, Variance, Covenance, comelation

Ex : T-S clisease
Loenorked out thediscrete dist,of therv

I = (# of TSbabies in family of S,both parentscarriers)

We showed that (2 ) ~ Binomial cn,p) with nas

y | P(9 =4)
ÖT($)(£ ) }) = 0.2373 P(924)= S(5)PY(1-p)" )
, | ($)(4)'(3)>=0.3955 for y= 0,1.....

21(2 )(3 )3(3 ) : 0.2637

3 |(3)(5 )3(2 ) 2= 0. 0879 Q: About how many

1 ($)(5 )"(3) :20. 0146

|(5)(€ )5/3 ) = 0.0010 parents expect to have?

1.0000 C center of dist of Z )?

A : Mostlikely outcomeis 1 TTS babysasy
(mode of the chisis of I )

A2 :( Physics idea) work out the center of mass of the
distribution
(balance point) lo else

T- Sbabies share these

i mean2 5

example

2

3 n si6 7 8 ç
 oblier



Find the place c where the histogram balances:
where (the sum of forces exerted by the histogram
bars to theleft of c) equals (the sum of forcesto the

right):

TY, , { 67 -c)=0=(§ 7:)..c= 0
, Y ,- ( :|

Lyn J Lyrics

want sumzo

Azimecian of the dist.of I chere that's also 1) .

Žy:-ncso asCII 7;25- the ne
sample dataset

Here each valve of I occurred only on ce

If some values are more probable then others, the
generalization of (t ) weight on each y vahe holdbe
to weight eachy by its probability P(Z=y)
C

Defi Arv isbounded if all of its possible values are finite
DetiLet I be abanded eliscrete rv with omf
to cy) = P ( Z = 4 ). The mean or expected valve or
expectation of I is E( I) EyP( F=y )= 2 ygCy).
ally GY

TS ex : E(F )=(0)(1.2373) + (1)(.3955)+...+ (5)1.000)=1.250.000
Suspiciouslyrande



Symbolically if I~ Binomialinio) then E(7 )=

: y (D )p " (l- p)"
720

Eh
Exce), (-)---

my):P"(ip)omy.

24-0) Pip""( en
ih

-

a

)

 n (n - 1) !
 1

-

h

 -
p.pl O
(4 -1)! (n- 1 - (4 - 6))!
=

(

1

-

4

)

TY-1)!(n=5),PY-"(1-0)--1-(4-1)



ss for all nzi (integer ) and opel
I ~ Binomial chip ) SESI ) = np

ES Ex : (n =5, p= % ) E(2 )= 3 = 1.25 v

If chiscrete & is unbounded , the expectation of
I may not exist eitherbecause
{ xfg(x)= -es ( and/o- { xf gsx)= +cs).
XLO x20

or the distributon " puts too much mass mear Icons

ho K20
Defi x discrete rv with prof ff (* ) .
consider I ofg(x) and [ xfg *x)

If both sums areinfinite, E(X) is indefined con
does not exist) if at least one surm is finite,then ,

E18)= I xfg(x) exists (it maystillbeinfinite)

I E(E)=Jufg(4)dy .
Goll X

 %
To createa ciscrete w whose mean besn't exist, you
have to play a careful game because Eff(x )has tobe
finite (it has to equal 1) but Exfa(x)has to be
infinite

Ex : The harmonic series (ft& ft.

known to the ancient Greeks,because the wavelengths of
the overtones of a vibrating string are b . I ,... of the
fundamental wavelength of the string. was



Top ofPage

The fact that } £ =tes (ie the harmonicseries
diverges)
was first shown in the 1300s by the French philosopher
Nicole Oresme(1300 -1382)
Its clear from this divergence that you can't create a
rv & with pmf P( X = x)= € , x= 1,2,..., because the
probabilities hold surm totes

But PC &=x)= 22 or PC &=x)=x(**)toa

For ex,§ 22= 2 and even more conveniently,

X =1

The book uses this to construct tho pathological

chiscrete distributions to show what can goarona

with the idea of expectatom .

Exi)f (x)={ ***) X=1,2,..)
Co else . J .

E(8)= x.xx )=ID = rco so E(8)exists

It'sjust infinite.
Ex 2} {g(x)=S21x1( xi ) x=21,22,...
XEI

 co : else.

wealreadyknow that I fg(x)=7 so X is a
call x
hell-defined rv ;but in 2xlx = = - co .
.82-1












